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Passive Realizations of Series Elastic Actuation:
Effects of Plant and Controller Dynamics on Haptic

Rendering Performance
Celal Umut Kenanoglu , Graduate Student Member, IEEE, and Volkan Patoglu , Member, IEEE

Abstract—We introduce minimal passive physical realizations
of series (damped) elastic actuation (S(D)EA) under closed-loop
control to determine the effect of different plant parameters and
controller gains on the closed-loop performance of the system and
to establish an intuitive understanding of the passivity bounds.
Furthermore, we explicitly derive the feasibility conditions for these
passive physical equivalents and compare them to the necessary
and sufficient conditions for the passivity of S(D)EA under velocity-
sourced impedance control (VSIC) to establish their relationship.
Through the passive physical equivalents, we rigorously compare
the effect of different plant dynamics (e.g., SEA and SDEA) on
the system performance. We demonstrate that passive physical
equivalents make the effect of controller gains explicit and establish
a natural means for effective impedance analysis. We also show
that passive physical equivalents promote co-design thinking by
enforcing simultaneous and unbiased consideration of (possibly
negative) controller gains and plant parameters. We demonstrate
the usefulness of negative controller gains when coupled with prop-
erly designed plant dynamics. Finally, we provide experimental
validations of our theoretical passivity results and comprehensive
characterizations of the haptic rendering performance of S(D)EA
under VSIC.

Index Terms—Coupled stability, haptic rendering, interaction
control, network synthesis, passive physical realizations, physical
human-robot interaction, series elastic actuation.

I. INTRODUCTION

SAFE and natural physical human-robot interactions (pHRI)
necessitate precise control of the impedance characteristics

of the robot at the interaction port [1]. Series elastic actuation
(SEA) is a commonly employed interaction control paradigm
that has been introduced in [2], [3], [4] to address the fun-
damental trade-off between the stability robustness and the
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control performance of closed-loop force controlled systems [5],
[6], [7]. SEA relies on an intentionally introduced compliant
element between the actuator and interaction ports and utilizes
the model of this compliant element to implement closed-loop
force control. Thanks to SEA, the strict stability bounds on the
controller gains induced due to sensor-actuator non-collocation
and actuator bandwidth limitations can be relaxed, leading to
high stability robustness and good rendering performance. On
the negative side, the compliant element significantly decreases
the system bandwidth; consequently, the control effort increases
quickly for high-frequency interactions, resulting in actuator
(velocity and/or torque) saturation.

Series damped elastic actuation (SDEA) extends SEA by
introducing a linear viscous dissipation element parallel to the
series elastic element [8], [9], [10], [11], [12]. SDEA not only
helps increase the force control bandwidth of SEA [9] but also
provides additional advantages, in terms of improving energy
efficiency [10], reducing undesired oscillations [11], alleviating
the need for derivative control terms [12], and relaxing the
upper-bound on passively renderable stiffness [7].

Given S(D)EA is generally designed as lumped-parameter
LTI systems, the coupled stability of interactions with S(D)EA
has commonly been studied through passivity analysis [1].
While passivity conditions are known to be conservative, closed-
form analytical passivity conditions derived through such anal-
ysis are informative, as they provide insights into how system
parameters affect stability robustness.

Stability robustness and rendering performance have been
established to conflict with each other; therefore, there exist
trade-offs involved in the design of series (damped) elastic
actuation (S(D)EA). A clear understanding of these trade-offs
is crucial for safe and high-fidelity renderings. In this study,
we demonstrate that passive physical (mechanical) equivalents
are instrumental in understanding the effect of different plant
parameters and controller gains on closed-loop haptic render-
ing performance and passivity bounds. Furthermore, we show
that passive physical equivalents enable symbolic comparisons
of the performance of different plant dynamics (e.g., SEA vs
SDEA) on passive haptic rendering performance; if continuity
is established among realizations, the effect of each controller
term on closed loop system dynamics of different plants can be
rigorously studied.

We propose (i) passive physical equivalents as an in-
formative means of providing physical insight into the
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passivity-performance trade-offs of S(D)EA, and (ii) derive
minimal passive physical equivalents of S(D)EA under closed-
loop control, with their corresponding feasibility regions. We
advocate for passive physical equivalents as they
� provide sufficient conditions for passivity,
� establish an intuitive understanding of the passivity bounds

by explicitly highlighting the contribution of each plant pa-
rameter and controller gain on the rendering performance,

� explicitly show the authority of controllers on the closed-
loop system dynamics,

� do not distinguish between the plant and controller param-
eters, promoting co-design of S(D)EA by enforcing simul-
taneous and unbiased consideration of (possibly negative)
system parameters to improve performance,

� subsume the effective impedance analysis that decomposes
the output impedance into its basic mechanical primitives
and extend this analysis by providing an explicit topologi-
cal connection of fundamental mechanical elements, and

� enable fair and rigorous comparisons of the effect of dif-
ferent plant/controller dynamics (e.g., SEA and SDEA) on
the haptic rendering performance.

Furthermore, (iii) we establish closed-form analytical solu-
tions for the necessary and sufficient conditions for the passivity
of S(D)EA while rendering Voigt models, springs, and the null
impedance.

II. RELATED WORK

A. Passivity Analysis of SEA

Pratt et al. have presented the first passivity analysis for SEA,
and provided sufficient conditions for a SEA under a filtered
PID force controller with a feedforward compensator [3]. Since
the introduction of velocity-sourced impedance control (VSIC)
for SEA [2], [13], [14], [15], the passivity of SEA under VSIC
has been studied extensively [7], [16], [17], [18], [19], [20],
[21]. VSIC has become the most popular interaction controller
for SEA, as its cascaded architecture with an inner motion con-
trol loop can effectively eliminate parasitic forces—undesired
effects due to dissipation, compliance, and inertial dynamics
that negatively affect the rendering transparency, leading to a
linear system and good rendering performance [2], [4], [15].
Furthermore, VSIC is easy-to-use, since this controller does not
rely on the dynamic model of the plant and the controller gains
can be tuned empirically.

Vallery et al. have provided a set of sufficient conditions for
null impedance and linear spring rendering with SEA under
VSIC [16], [17]. They have also proved that the passively
renderable stiffness of a SEA under VSIC is upper bounded by
the physical stiffness of the compliant element of SEA [17].
Tagliamonte et al. have provided less conservative sufficient
conditions for the passivity of SEA under VSIC during null
impedance, linear stiffness, and Maxwell body rendering [18].
They have also proved that Voigt model cannot be passively
rendered with SEA under VSIC when the controllers are
PI-PI and the controller gains are positive. Calanca et al. have
presented sufficient conditions for the passivity of SEA under
four different control architectures: VSIC, basic impedance,

collocated admittance, and collocated impedance con-
trollers [19]. They have shown that the passively renderable
virtual stiffness of all of these control architectures is also
limited by the physical stiffness of the compliant element [19].
Calanca et al. have also advocated for the use of acceleration
feedback to compensate for the load dynamics [19], [22]. While
acceleration feedback can help improve performance [3], [4],
[22], the fundamental passive stiffness rendering limitations
of SEA cannot be relaxed, as long as the controllers are kept
causal [7].

Tosun and Patoglu [20] have presented the necessary and
sufficient conditions for the passivity of SEA under VSIC for null
impedance and linear spring rendering. The earlier sufficiency
bounds on controller gains have been relaxed, and the range of
impedances that can be passively rendered has been extended
in the study. Furthermore, it has been shown that the integral
gain of the motion controller is required to render stiffness if the
force controller utilizes an integral term.

Authors have proposed model reference force control
(MRFC) for SEA and provided a passivity analysis of this
control scheme, under model mismatch. In particular, sufficient
conditions for the passivity of SEA under MRFC during null
impedance rendering have been presented in [23].

Recently, authors have established a fundamental limitation of
passive spring rendering with SEA, by proving that the physical
stiffness of its compliant element cannot be exceeded with any
(linear or nonlinear) causal controller [7]. Authors have also
studied the effect of low-pass filtering on the passivity and
rendering performance of SEA under VSIC [21].

B. Passivity Analysis of SDEA

SDEA generalizes SEA by introducing a viscous dissipation
element parallel to the series elastic element. Accordingly, the
passivity analysis of SDEA also generalizes the passivity anal-
ysis of SEA. However, passivity analysis of SDEA has received
relatively less attention in the literature, since the resulting
closed-form solutions of these systems are more complex and
much harder to interpret [8], [24], [25], [26].

The passive range of virtual stiffness and damping parame-
ters for SDEA under a cascaded impedance controller with an
inner torque loop acting on a velocity-compensated plant and
load dynamics have been studied in [24]. In this controller, a
positive velocity feedback loop provides velocity compensation
by attempting to extend the bandwidth of the torque control loop
under the passivity constraint.

Oblak and Matjacic [8] have conducted a passivity analysis of
SDEA under an unconventional basic impedance controller. In
this controller, a force sensor is employed after the end-effector
inertia to measure the interaction forces, and these forces are
used for closed-loop force control, in addition to the series
damped elastic element. It has been demonstrated that a suf-
ficient level of mechanical damping is required in the compliant
element to ensure the passivity of linear stiffness rendering using
this control architecture.

Mengilli et al. have presented sufficient conditions for the
passivity of SDEA under VSIC for the null impedance, linear
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spring, and Voigt model rendering [26]. They have demonstrated
that, thanks to the damping of the compliant element, passive
spring renderings with SDEA can exceed the physical stiffness
of the compliant element. They have extended their results to
absolute stability and two-port passivity analyses and derived
the necessary and sufficient conditions for appropriate virtual
couplers [25]. In [7], authors have studied the necessary and
sufficient conditions for the passivity of linear spring rendering
with SDEA under a cascaded controller that neglects the forces
induced by the damping element.

C. Realization of Passive Physical Equivalents

Passive physical equivalents are studied in the field of net-
work synthesis, which aims to rigorously describe physically
realizable behaviors in a given domain with specified compo-
nents. Colgate and Hogan have advocated the use of passive
physical equivalents for the analysis of contact instability ob-
served in interaction control [27]. They have studied uncontrol-
lable elements under all causal controllers, and through passive
mechanical realizations of force-controlled systems, they have
demonstrated a fundamental limitation on inertia compensation
under passivity constraints for force-feedback systems with
sensor-actuator non-collocation. They have also illustrated that
the passive physical equivalents promote the use of negative
controller gains and the simultaneous consideration of the design
of mechanical and controller subsystems.

Inspired by [27], this paper focuses on passive mechanical
realizations of S(D)EA under VSIC. Extending the methods
in [27], our linear passive mechanical networks are built utilizing
springs, dampers, and inerters—a relatively recently introduced
fundamental element of the mechanical domain [28], [29]. The
use of the inerter element is crucial as it completes the force-
current analogy between the electrical and mechanical domains
by introducing an ideal linear two-terminal energy storage ele-
ment equivalent to an ungrounded capacitor. The completion of
the analogy has a major impact, as it enables all of the previously
established results in the electrical network synthesis to be
equivalently expressed in the mechanical domain. Thanks to this
analogy, all classical results, including Foster’s reactance theo-
rem [30] characterizing lossless networks, Brune’s construction
method [31] for the minimal realization of general positive-real
functions using resistors, inductors, capacitors, and transform-
ers, and Bott-Duffin theorem [32] indicating transformers are
not necessary for the synthesis of positive-real impedances, can
be directly used for the network synthesis in the mechanical
domain.

While network synthesis in the electrical domain has received
much attention during the era of analog circuits, the diminished
attention has been renewed during the last decade, especially in
the mechanical domain, with the introduction of inerter element
and demonstration of its successful applications in the design of
passive suspensions [28], [33], [34], [35], [36], [37].

Kalman has also advocated for a renewed focus on network
synthesis to establish a general theory of the subject, pointing out
the high potential of this field to have a wide impact in a broad
range of applications [38]. Accordingly, recent results have been
established to extend the classical ones. Chen and Smith have

studied the most general class of mechanical impedances that
can be realized using one damper, one inerter, and an arbitrary
number of spring elements while allowing no levers [33]. Jiang
and Smith have studied the realizability conditions for positive-
real biquadratic impedance functions which can be realized
by six-element networks [39]. Chen et al. have extended their
earlier results in [35] and established the realizability conditions
to two special class of mechanical networks: networks with
biquadratic functions with an extra pole at the origin [36] and
networks that are constituted of one inerter, one damper, and
at most three springs [37]. Hughes and Smith have extended
the classical results on Bott-Duffin realization procedure by
discussing the minimality and uniqueness of these realizations
among all series-parallel networks realizing biquadratic mini-
mum functions [40]. Hughes has further extended these results
and established minimal network realizations for the class of
impedances realized by series-parallel networks containing at
most three energy storage elements [41]. Morelli and Smith
have presented an enumeration approach to the passive net-
work synthesis and provided a classification for networks of
restricted complexity [42]. Readers are referred to the survey by
Hughes et al. for a review of the recent developments [43].

D. Rendering Performance

While the coupled stability of pHRI systems constitutes an
imperative design criterion, the rendering performance of the
system is also significant for natural interactions. Transparency
is a commonly used concept in the evaluation of the hap-
tic rendering performance, as it quantifies the match between
the mechanical impedance of the virtual environment and the
impedance felt by the user, with the requirement of identical
force/velocity responses [44], [45]. Zwidth is another commonly
used metric that quantifies the range between the minimum and
the maximum passively renderable impedances [46].

Given that the rendered impedance is a function of frequency,
both of these metrics are also quantified as such; however, the
frequency dependence of these metrics makes their interpreta-
tion challenging. To provide physical intuition to the charac-
teristics of the impedance at the interaction port, it is common
practice to decompose the impedance into its basic mechani-
cal primitives through effective impedance analysis [47], [48].
In particular, the effective impedance definitions partition the
frequency-dependent impedance transfer function into its real
and imaginary parts and assign the real positive part to effective
damping, while the imaginary part is mapped to effective spring
and effective inertia components based on the phase response of
the impedance.

E. Contributions

This study significantly extends the passivity results for SEA
under VSIC in [7], [16], [17], [18], [19], [20], [21] by deriv-
ing the necessary and sufficient conditions for the passivity of
SEA under VSIC during Voigt model rendering. It establishes
that passive rendering of Voigt models is feasible with SEA
under VSIC when negative controller gains are utilized, and
demonstrates the practical application of such renderings via
the addition of damping to the plant. Furthermore, this study
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significantly extends the one-port passivity results in [20] by
generalizing them to SDEA, while it extends the results in [7],
[26] by establishing the necessity bounds for SDEA under VSIC
and generalizing them to include negative controller gains.

Moreover, this study presents novel minimal passive physical
equivalents of S(D)EA under VSIC during the Voigt model,
linear spring, and null impedance rendering, to provide intuition
about the passivity bounds and to study the trade-offs involved in
the rendering performance. Extending the seminal work in [27],
this study introduces inerter elements to the analysis of interac-
tion control systems. To the best of the authors’ knowledge, this
is the first study in which passive mechanical equivalents are
systematically used to analyze passivity-performance trade-offs
of S(D)EA.

Furthermore, this study proposes passive mechanical equiva-
lents to significantly extend the effective impedance analysis
since a feasible realization also provides a topological con-
nection of the fundamental mechanical elements. It demon-
strates that passive physical equivalents subsume the effective
impedance results and provide a more intuitive understanding
of frequency-dependent behavior of the system through its un-
derlying components.

Finally, the derivation of minimal passive physical equivalents
of S(D)EA that are similar to the open-loop plant dynamics
and that lend themselves to simple interpretations, ensuring
continuity among various realizations of different plants, de-
termination of the control authority on plant parameters, and
insightful discussions of closed-loop performance via passive
physical equivalents are among our novel contributions.

III. PRELIMINARIES

A. System Description

Consider a single-axis SDEA plant without its controller. Let
the reflected inertia of the actuator be denoted byJm, the viscous
friction of the actuator including the reflected motor damping is
denoted byBm, and the physical compliant element and viscous
damper, arranged in parallel between the end-effector and the
actuator, be denoted by K and Bf , respectively. Let ωm and
ωend denote the actuator and end-effector velocities, and τm be
the actuator torque.

The torque τsea on the damped compliant element, also called
the physical filter, is equal to the sum of the torques induced on
the linear spring and the viscous damper elements. The plant
reduces to a SEA, when Bf is set to zero. In this case, τsea
can be computed using the deflections of the linear spring K,
according to the Hooke’s law.

The human interaction is modeled with two components: τh
represents the passive component of the applied torques while
τ ∗h is the deliberately applied active component that is assumed
to be independent of the system states [1]. We assume that the
non-malicious human interactions do not intentionally aim to
destabilize the system. It is considered that the end-effector in-
ertia of SDEA is negligible or is a part of the user dynamics such
that τsea(s) ≈ τh + τ ∗h; hence, the impedance at the interaction
port is defined asZout(s) = − τsea(s)

ωend(s)
, where the spring-damper

torque is considered positive in compression.

Fig. 1 depicts the block diagram of SDEA under VSIC,
where the thick lines represent physical forces. In VSIC, the
inner velocity control loop of the cascaded controller renders
the system into an ideal motion source and acts on motion
references ωref generated by the outer torque control loop to
keep the spring-damper deflection at the desired level to match
the reference force τ ref . The symbols Ct and Cm denote the
torque and motion (velocity) controllers, which are considered
as proportional gains Gt and Gm, respectively. Finally, Zref

denotes the reference impedance.
The following assumptions are considered for the analysis:
� A lumped-parameter LTI model is considered; nonlinear

effects, such as backlash and saturation are neglected.
� Electrical dynamics are neglected, and actuator velocity is

assumed to be available with a negligible time delay.
� The deflection of the physical filter and its time derivative

are assumed to be measured with a negligible delay.
� Without loss of generality, a zero motion reference (ω0 =

0) is assumed for the virtual environment, and the trans-
mission ratio is set to one for simplicity.

� The physical plant parameters are assumed to be positive,
while the controller gains can be negative, as long as the
inner motion control loop is asymptotically stable.

B. Passivity Theorems

The passivity of an LTI network is equivalent to the positive
realness of its impedance transfer functionZ(s) [1]. The positive
realness of a rational function Z(s) with real coefficients can be
studied according to Theorem 1 as follows.

Theorem 1 ([1], [49]): A rational LTI impedance transfer
function Z(s) with real coefficients is passive if and only if:

1) Z(s) has no poles in the right half plane, and
2) Re[Z(jw)] ≥ 0 for w ∈ (−∞,∞), and
3) Any poles of Z(s) on the imaginary axis are simple with

positive and real residues.
The following useful lemmas have been established in the

literature to determine the necessary and sufficient conditions
for the passivity of LTI systems.

Lemma 1: Let Z(s) = N(s)/D(s) be an impedance transfer
function. Then, Re[Z(jw)] ≥ 0 iff the test polynomial P (w) ≥
0 for any value of w, where P (w) = Re[N(jw)D(−jw)] =∑n

i=0 diw
i, and di represents the coefficient of wi.

Lemma 2: Let f(s) = a3s
3 + a2s

2 + a1s+ a0 forai ≥ 0 be
the third-order characteristic equation of a system. Then, f(s) has
no roots in the open right half plane if and only if a3 ≥ 0, a2 ≥ 0,
a0 ≥ 0, and a1a2 − a0a3 ≥ 0. If these inequalities are strictly
greater than zero, then the system has no roots on the imaginary
axis.

Lemma 3 ([25]): A polynomial of the form p(x) = p2x
2 +

p1x+ p0, p(x) ≥ 0 for all x ≥ 0 if and only if p2 ≥ 0, p0 ≥ 0
and p1 ≥ −2

√
p0p2.

C. Passive Physical Equivalents and Inerter

Definition 1: Passive physical equivalents describe physically
realizable behaviors with a passive network of fundamental
elements in a domain to realize a driving-point impedance.
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Fig. 1. Block diagram of S(D)EA under VSIC.

TABLE I
PASSIVE PHYSICAL EQUIVALENTS FOR SDEA AND SEA UNDER VSIC

In the force-current analogy between the mechanical and elec-
trical domains, forces are considered to be analogous to currents,
while velocities are analogous to voltages. Passive mechanical
networks are built utilizing springs, dampers, and inerters. The
inerter is an ideal energy storage element that completes the
force-current analogy between the mechanical and electrical
domains [28], [29]. The interter element generalizes the more
familiar mass/inertia element in the mechanical domain, which
is analogous to the restricted case of a grounded capacitor in the
electrical domain.

Definition 2: An inerter is an ideal linear two-terminal energy
storage element in the mechanical domain with terminal forces
proportional to the relative acceleration between them.

IV. PASSIVE PHYSICAL EQUIVALENTS OF S(D)EA

In this section, we present the passive physical equivalents
of SDEA and SEA under VSIC with proportional (P) con-
trollers while rendering Voigt and linear spring models with
their feasibility analysis. We study haptic rendering performance

during rendering Voigt and spring models through passive phys-
ical equivalents. We show the relationship between effective
impedance and passive physical equivalents.

A. Voigt Model Rendering

1) Series Damped Elastic Actuation (SDEA): When both the
torque and velocity controllers of VSIC are proportional, the
impedance at the interaction port of SDEA under VSIC during
Voigt model rendering is ZSDEAP -P

V oigt (s) =

Bf Jm s3 + [Bf (Bm + Gm) + Jm K +Bref Bf α] s
2

+[K (Bm +Gm +Bref α) +Bf Kref α] s+KKref α

Jm s3 + [Bm +Gm +Bf (1 + α)] s2 +K (1 + α) s
(1)

where α = GmGt and the reference Voigt model is defined as
Zref =

Kref

s +Bref .
Passive Physical Equivalent of SDEA under VSIC: A minimal

realization of (1) characterizing SDEA under VSIC during Voigt
model rendering when both controllers are P and Bref > 0 is
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presented in Table I(b), where the parameters of this physical
realization can be listed as

b1v=
Jm

(α+ 1)2
− α

(α+ 1)2
(Bref −Bf )

Bf
Jm

c1v=
α

(α+ 1)2
(Bf Kref−Bref K) [Bf (Bm +Gm)−Jm K]

Bf
2 K

b2v=
α

(α+ 1)2
(Bf Kref−Bref K) [Bf (Bm +Gm)−Jm K]

Bf K2

with σ = 1
α+1 − α

(α+1)2
Kref

K .
For the realization in Table I(b) to be feasible, all components

of the model should be non-negative. First of all, α
α+1Bref and

α
α+1Kref should be positive to have a feasible realization in
Table I(b) while rendering Voigt models. When Gm and Gt are
non-negative, the non-negativeness of these terms imposes

K ≥ α

α+ 1
Kref (2)

Bf ≥ α

α+ 1
Bref (3)

Bf

K
≥ Jm

(Bm +Gm)
(4)

Substituting (3) into (Bf Kref −Bref K) and invoking
(2), one can prove that (Bf Kref −Bref K) ≥ 0. Equa-
tion (2) and (3) impose the upper bounds on passively renderable
stiffness and damping levels.

In (4), Jm

(Bm+Gm) captures the time constant of the motion-

controlled mass-damper system, while Bf

K is the time con-
stant of the serial physical filter. Accordingly, the condition in
(4) imposes the intuitive constraint that the motion-controlled
mass-damper model of the plant should respond faster than the
interaction forces filtered by the physical filter, such that the
system can keep up with these inputs to adequately cancel out
the undesired dynamics and superpose the virtual impedance to
be rendered.

Table I(a) presents a minimal realization of (1) characterizing
SDEA under VSIC during Voigt model rendering when both
controllers are P and Bref < 0. This realization is presented,
since it not only complements the realization in Table I(b) for
negative Bref values but also ensures continuity with the real-
ization of SEA under VSIC during Voigt model rendering. The
elements of this realization are prohibitively more complicated
and only analyzed in the next section for the relatively simpler
case of SEA.

Haptic Rendering Performance through Realization: The
physical realization of SDEA under VSIC during Voigt model
rendering in Table I(b) indicates three main branches in parallel:
a spring-damper pair α

(α+1) Kref– α
(α+1) Bref in parallel that

converges to the Voigt model to be rendered, and a branch cap-
turing the parasitic dynamics which are governed by a complex
structure of damper-inertance terms that is connected to the
system through a coupling filter that operates in series.

The coupling filter consists of a spring-damper pair in par-
allel, where the stiffness and damping of the filter are given
by K − α

(α+1) Kref and Bf − α
(α+1) Bref , respectively. The

coupling filter indicates that the parasitic dynamics become more
decoupled from the system as the control gains Gt and Gm

increase. Furthermore, given that the coupling filter terms need
to be positive, upper bounds are imposed on Kref and Bref of
the Voigt models that can be passively rendered.

The parasitic dissipation effects are split into two parts: a
damper term, which has a significant effect at low frequency,
scaled by σ = 1

α+1 − α
(α+1)2

Kref

K indicating a significant effect
of the force control gain Gt on this damper term and a series
damper-inerter term that introduces frequency-dependent dissi-
pation that increases with frequency. The parasitic inertance term
is scaled by the factor 1

(α+1)2 − α
(α+1)2

(Bref−Bf )
Bf

, indicating
that both control gains Gm and Gt have an equal effect on this
inerter term.

Effective Impedance Analysis through Realization: Further
understanding of system dynamics can be obtained by studying
the effective impedance of an implementation [23], [48]. Effec-
tive impedance definitions decompose the frequency-dependent
impedance function into its fundamental components, where
the real positive part is associated with the effective damping,
while the imaginary part is assigned to the effective spring and
effective inertia based on their phase characteristics. The effec-
tive impedance analysis of the realization in Table I(b), after re-
moving the rendered Voigt model α

(α+1) Kref– α
(α+1) Bref and

the serial coupling filter (Bf− α
(α+1) Bref )–(K− α

(α+1) Kref )
pairs, indicates that the effective damping of the parasitic dy-
namics can be computed as (5), shown at the bottom of the next
page, converges to σ(Bm +Gm) at low frequencies, while it
approaches to σ(Bm +Gm) + c1v at high frequencies.

Similarly, one can compute the effective inertance of the
parasitic dynamics as

bSDEA
effV oigt

(ω)

=

Bf [BfJm − αJm(Bref −Bf )]w
2 + Jm K2(1 + α)

+α(BfKref −BrefK)(Bm +Gm)− Jm KKref α

B2
f (α+ 1)2 w2 +K2(α+ 1)2

(6)

At the low-frequency range, (6) converges to b1v + b2v ,
whereas at the high-frequency range, it approaches to b1v .
Accordingly, the parasitic damping of σ(Bm +Gm) affects
the Voigt model rendering performance at the low-frequency
range, while a parasitic inertance of b1v + b2v is also effective
in this frequency range. The force controller Gt can effectively
mitigate the parasitic damping at low frequencies. The effective
parasitic damping increases with frequency, and c1v is added to
σ(Bm +Gm) at the high-frequency range. On the other hand,
the effective parasitic inertance decreases with frequency, and
b1v becomes more dominant at high frequencies. Hence, the
effect of inertance at low frequencies can be attenuated by both
Gt and Gm gains.

Note that, for large controller gains Gt and Gm, the dynamics
of the parasitic impedance becomes more decoupled from the
rendered impedance α

(α+1) Kref– α
(α+1) Bref through the serial

coupling filter. Furthermore, the rendered impedance converges
to the desired Voigt model.
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Disturbance Rejection Analysis through Realization: Insight
into the disturbance rejection performance of SDEA during
Voigt model rendering can also be gained through physical
realizations. In particular, if we consider a disturbance torque
Fdist acting on the system at the same location as the actuator
input, the disturbance response of the closed-loop SDEA system
under P-P VSIC controller during Voigt model rendering can be
derived as

Y SDEAP -P

fV oigt
(s) =

ωend

Fdist

∣∣∣
τsea=0

=
s

Jms2 + (Bm +Gm +Brefα)s+ αKref
(7)

The disturbance transfer function Y SDEAP -P

fV oigt
in (7) is in

the form of a passive admittance of an inerter Jm, damper
(Bm +Gm +Brefα) and spring αKref in parallel; hence,
Y SDEAP -P

fV oigt
decreases with larger controller gains and Kref , in-

dicating better disturbance attenuation. The physical realization
of Y SDEAP -P

fV oigt
emphasizes the effect of αKref as the restoring

spring that counteracts disturbances.
Remark (1): When Bref = 0, the disturbance response for

the spring rendering case is recovered, and when Kref =
Bref = 0, the disturbance response for the null impedance
rendering case is recovered. Similarly, when Bf = 0, the results
reduce to the disturbance response of SEA.

2) Series Elastic Actuation (SEA): When the torque and
the motion controllers are proportional, the impedance at the
interaction port of SEA under VSIC during Voigt rendering is

ZSEAP -P

V oigt (s)

=
Jm K s2 + (Bm K +Gm K +Bref K α) s+KKref α

Jm s3 + (Bm +Gm) s2 + (K +K α) s
(8)

Passive Physical Equivalent: A realization of (8) characteriz-
ing SEA under VSIC during Voigt model rendering when both
controllers are P is presented in Table I(e). The parameters of this
realization include c2v =

Bm+Gm+Brefα
α+1 − αKref (Bm+Gm)

K (α+1)2
.

The rest of the terms are relatively long and complicated; hence,
they are presented as a Matlab script that allows for a numerical
means of checking for the non-negativeness of each element.1

Haptic Rendering Performance through Realization: The
physical realization of SEA under VSIC during Voigt model
rendering in Table I(e) indicates two main branches in parallel:
a spring and a branch capturing the dynamics governed by
a topology of damper-inertance terms that are coupled to the

1The Matlab script that presents the parameters of the realization in Ta-
ble I(e) is available for download at https://hmi.sabanciuniv.edu/SEA_Voigt_
Realization.m.

system through a spring in series. The parallel spring α
(α+1) Kref

indicates that SEA can render the desired spring levels as the
dominant behavior of the output impedance function in the
low-frequency range.

Furthermore, in the realization presented in Table I(e), both
damping elements c2v and c3v are functions of Bref . Since
c2v is more dominant than c3v in the low-frequency range, it
can be concluded that c2v mainly contributes to the rendered
damping, while the effect of c3v is added to c2v as the frequency
increases.

When a high value of Gt is selected, c2v approaches Bref

at low frequencies, indicating that the damping in the system
approaches Bref . However, please note that the passivity of
the system dictates that Bref should be negative, while the
feasibility of the realization necessitates that c2v cannot be
negative. Accordingly, the realization becomes infeasible before
c2v can converge to Bref . Similarly, as Gt increases, the total
damping in the system approaches zero. Finally, b3v acts as
a frequency-dependent parasitic inertence term because of its
serial connection with c2v .

The coupling filter consists of K − α
(α+1) Kref , indicating

that c2v and c3v become more coupled with the rest for the
system with the lower choices of Kref . This also implies that
pure damping can be rendered at the lower frequency range by
selecting low Kref values.

Please note that the maximum damping that can be passively
rendered with SEA under VISC during Voigt model rendering is
upper bounded by Bm+Gm

α+1 and lower bounded by zero. Hence,
the plant damping Bm and the VSIC controller gains Gt and
Gm dictate the damping upper bound, while the (negative) Bref

acts as a control parameter that adjusts the amount of damping
compensation in the system during Voigt model rendering.

Effective Impedance Analysis through Realization: To analyze
the effective impedance of the realization in Table I(e), the
effective damping and inertance are computed after removing
the rendered virtual stiffness α

(α+1) Kref and the serial cou-
pling filter K − α

(α+1) Kref from the system. The computed
effective damping converges to c2v at low frequencies, while
it approaches to c2v+c3v at high frequencies. Similarly, the
effective inertance converges to b3v at low frequencies, while
it approaches zero at high frequencies. Therefore, c2v is the
dominant damping in the low-frequency range, and c3v is added
to c2v as the frequency increases. While the parasitic effect of
b3v exists in low frequencies, this effect will not be dominant
in this frequency range since the branch including c2v is more
dominant than serial c3v–b3v pair. Due to their serial connection,
the effect of b3v becomes higher as the frequency increases,
but at the same time, effective inertance goes to zero at high
frequencies.

cSDEA
effV oigt

(ω) =

[Bf
2 [(Bm +Gm)(1 + α)]−BrefBf α(Bm +Gm)

+Jmα(BrefK −BfKref )]w
2 +K(Bm +Gm)[K + α(K −Kref )]

Bf
2(α+ 1)2 w2 +K2(α+ 1)2

(5)
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B. Spring Rendering

1) Series Damped Elastic Actuation (SDEA): When the
torque and the motion controllers are proportional, the
impedance at the interaction port of SDEA under VSIC during
linear spring rendering equals to

ZSDEAP -P

spring (s)

=

Bf Jm s3 + (Bf (Bm +Gm) + Jm K) s2

+(K (Bm +Gm) +Bf Kref α) s+KKref α

Jm s3 + (Bf (1 + α) +Bm +Gm) s2 +K(α+ 1) s
(9)

where the reference spring model is defined as Zref =
Kref

s .
Passive Physical Equivalent: A minimal realization of

(9) characterizing SDEA under VSIC during spring ren-
dering when both controllers are P is presented in
Table I(c), where c1s =

Kref α (Bf (Bm+Gm)−Jm K)

Bf K (α+1)2
, b1s =

Kref α (Bf (Bm+Gm)−Jm K)

K2 (α+1)2
, and σ = 1

α+1 − α
(α+1)2

Kref

K .

For the realization in Table I(c) to be feasible, all physi-
cal components of the model should be non-negative. Hence,
(α+ 1) should be positive. Furthermore, the non-negativeness
of the coupling spring imposes α

α+1 Kref ≤ K. The non-
negativeness σ(Bm +Gm) is guaranteed if (Bm +Gm) > 0
and α

α+1 Kref ≤ K are simultaneously satisfied. The virtual
stiffness is rendered as α

α+1 Kref . The conditions for the non-
negativeness of c1s and b1s can be derived as

Jm
K

Bf
≤ (Bm + Gm) (10)

which indicates (Bm +Gm) > 0.
Haptic Rendering Performance through Realization: The

physical realization of SDEA during linear spring rendering in
Table I(h) indicates two branches in parallel: an ideal spring

α
(α+1) Kref whose stiffness approaches toKref as the controller
gains get large and parasitic dynamics governed by damper-
inertance elements that are serially coupled to the system with
a spring-damper pair (K − α

(α+1) Kref )−Bf in parallel.
Due to the existence of the physical filter damping Bf in

parallel to the coupling spring, the parasitic dynamics cannot be
completely decoupled from the system as the controller gains
Gt and Gm increase, since Bf term dominates the coupling
at the intermediate and high frequencies. Table I(h) indicates
that the parasitic effects of the damper σ(Bm +Gm) and the
inerter Jm/(α+ 1) terms decrease with the choice of high
controller gains. In particular, Gt has a more dominant effect
on the damper term, while Gm and Gt gains affect the inerter
term in the same manner, as they are multiplicative. In addition to
these parallel damper-inerter terms, SDEA realization includes
frequency-dependent dissipative effect which consists of serial
damper-inerter terms.

Effective Impedance Analysis through Realization: An effec-
tive impedance analysis of the parasitic dynamics of the realiza-
tion in Table I(c) indicates that the effective damping of (9) after
removing the serial coupling filter Bf -(K − α

(α+1) Kref ) pair

and the rendered stiffness α
(α+1) Kref can be computed as

cSDEA
effPP

=

Bf (Bf (Bm + Gm)(α+ 1)− Jm Kref α)ω
2

+K (K(Bm +Gm)(α+ 1)− Kref α(Bm+Gm))

Bf
2 (α+ 1)2 ω2+K2(α+ 1)2

(11)

At low frequencies, (11) converges to σ(Bm +Gm), while
at high frequencies, (11) approaches to σ(Bm +Gm) + c1s.
Similarly, the effective inertence for the parasitic dynamics of
(9) can be computed as

bSDEA
effPP

=(
Bf

2Jm(α+ 1)
)
ω2

+JmK2(α+ 1) +Bf Krefα(Bm +Gm)− Jm KKrefα

Bf
2 (α+ 1)2ω2 +K2(α+ 1)2

(12)

At low frequencies, (12) converges to Jm

α+1 + b1s, while at

high frequencies, (12) approaches to Jm

α+1 .
2) Series Elastic Actuation (SEA): When both the motion

and torque controllers are proportional, the impedance at the
interaction port of SEA under VSIC during spring rendering
equals to

ZSEAP -P

spring (s) =
Jm K s2 + (Bm +Gm)K s+ αKKref

Jm s3 + (Bm +Gm) s2 + (α+ 1)K s
(13)

Passive Physical Equivalent: A minimal realization of (13)
characterizing SEA under VSIC during spring rendering when
both controllers are P is presented in Table I(f), where σ =
1

α+1 − α
(α+1)2

Kref

K .
For the realization in Table I(f) to be physically feasible, all

of the components of the model should be non-negative. All
components in the realization are guaranteed to be non-negative,
if K ≥ α

α+1 Kref is satisfied, and (Bm +Gm), α
α+1 Kref , and

(α+ 1) are positive.
Haptic Rendering Performance through Realization: The

physical realization of SEA during linear spring rendering in
Table I(f) indicates two branches in parallel: an ideal spring

α
(α+1) Kref whose stiffness approaches toKref as the controller
gains get large and parasitic dynamics governed by a damper-
inertance pair in parallel that is coupled to the system with a
spring in series. The stiffness of the coupling spring is given by
K − α

(α+1) Kref ; hence, the parasitic dynamics get more decou-
pled from the system as theKref ,Gt andGm increase. Note that,
since the coupling spring needs to be positive for feasibility, this
spring imposes an upper bound on Kref that can be passively
rendered. The parasitic damper-inertance dynamics is scaled
by σ = 1

α+1 − α
(α+1)2

Kref

K , indicating that Gt has a significant
effect for damper term, while both Gm and Gt equally affect the
inerter term. Furthermore, the parasitic dynamics decrease with
the choice of higher Kref values. When Kref = 0, the parasitic
dynamics converge to that of null impedance rendering.

Effective Impedance Analysis through Realization: The effec-
tive impedance of the system dynamics after the serial physical
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filter K − α
(α+1) Kref and rendered stiffness α

(α+1) Kref are
extracted, is dominated by the damper term σ(Bm +Gm) in
the low-frequency range. Therefore, the spring rendering perfor-
mance can be increased in the low-frequency range by attenuat-
ing the effects of this damper term. Similarly, the high-frequency
behavior of these parasitic dynamics is dictated by the inerter
term σJm.

Remark (2): Table I indicates that there exists continuity
among the realizations of both SDEA and SEA under VSIC;
that is, by setting Bref = 0 in the realization of Voigt model
rendering, the realization of spring rendering can be achieved.
Similarly, the realization of null impedance rendering can be
recovered from the realization of Voigt model rendering by
setting Bref = 0 and Kref = 0, simultaneously.

Remark (3): Table I also indicates that there exists continuity
among the realizations of SDEA under VSIC and SEA under
VSIC; that is, by setting Bf = 0 in the SDEA realizations, the
realizations of SEA can be recovered. Note that since the Voigt
model rendering realization in Table I(b) is valid only for the
positive values of Bref , while SEA under VSIC is not passive
for Bref > 0, no such realization exists for SEA. On the other
hand, the realizations in Table I(a) and (e) are both valid for
Bref < 0 and display the desired continuity as their passive
parameter ranges overlap.

V. PASSIVE PHYSICAL EQUIVALENTS VS PASSIVITY

In this section, we present the necessary and sufficient con-
ditions for the passivity of SDEA and SEA under VSIC with
proportional (P) controllers while rendering Voigt and linear
models, without imposing a non-negativity assumption on the
controller gains. Please note that the inner motion control loop
is considered to be asymptotically stable throughout the anal-
yses, imposing (Bm +Gm) > 0. We also compare feasibility
conditions of passive physical equivalents with the necessary
and sufficient conditions for the passivity.

Proposition 1 presents the necessary and sufficient conditions
for the passivity of SDEA under VSIC while rendering Voigt
models as presented in (1).

Proposition 1: Consider Voigt model rendering with SDEA
under VSIC as in Fig. 1, where the torque and velocity controllers
consist of proportional gains Gt and Gm, respectively. Let
Zref =

Kref

s +Bref . Assume that the physical plant param-
eters are positive, while the controller gains are allowed to be
negative as long as the inner motion control loop is asymp-
totically stable. Then, the following inequalities serve as the
necessary and sufficient conditions for establishing the passivity
of ZSDEAP -P

V oigt (s):

i) 0 < α
α+1 Kref ≤ (1 +

αBref

Bm+Gm
)K, and

ii) −(Bm +Gm) ≤ αBref , and
iii) 0 < (α+ 1), and
iv) 0 < (Bm +Gm), and

v) −2Jm

√
BfK[(Bm +Gm +Brefα)K(α+ 1)
−(Bm +Gm)Krefα]

≤
Bf (Bm +Gm +Bref α) [Bm +Gm +Bf (α+ 1)]−
(BrefK +Bf Kref ) Jm α.

The proof is presented in Appendix A.
Remark (1): A (more conservative) set of sufficient condi-

tions can be derived by considering Conditions (i)–(iv) together
with the following inequality instead of Condition (v):

Jm ≤ Bf (Bm +Gm +Bref α) [Bm +Gm +Bf (1 + α)]

(Bf Kref +Bref K) α
(14)

Feasibility of Passive Realization vs Passivity for Voigt Model
Rendering with SDEA: The feasibility conditions in (2)–(4)
serve as a set of sufficient conditions for the passivity of SDEA
under VISC. In particular, (2) is a more conservative condition
than Condition (i) of Proposition 1 as shown below:

K ≥ Kref
α

(α+ 1)
≥ Kref

α

(α+ 1)

Bm +Gm

Bm +Gm +Bref α
(15)

Similarly, (4) imposes a constraint that is more conservative
than the sufficiency condition in (14), as can be shown by
substituting Condition (i) of Proposition 1 into (14) and noting
that the plant parameters are positive.

Jm ≤ Bf

K
(Bm +Gm)

≤ Bf (Bm +Gm +Bref α) [Bm +Gm +Bf (1 + α)]

(Bf Kref +Bref K) α
(16)

Consequently, the feasibility of the realization in Table I(b)
provides a set of sufficient conditions for the passivity of (1); the
realization in Table I(b) is valid when (2)–(4) are satisfied with
positive α

α+1Bref and α
α+1Kref values.

Corollary 1 presents the necessary and sufficient conditions
for the passivity of SEA under VSIC while rendering Voigt
models as in (8). Corollary 1 shows that SEA can render Voigt
model if controllers are allowed to be negative.

Corollary 1: Consider Voigt model rendering with SEA under
VSIC as in Fig. 1 with Bf=0, where the torque and velocity
controllers consist of proportional gains Gt and Gm, respec-
tively. LetZref =

Kref

s +Bref . Assume that the physical plant
parameters are positive, while the controller gains are allowed
to be negative as long as the inner motion control loop is
asymptotically stable. Then, the following inequalities serve
as the necessary and sufficient conditions for establishing the
passivity of ZSEAP -P

V oigt (s):

i) 0 < α
α+1 Kref ≤ (1 +

αBref

Bm+Gm
)K, and

ii) − (Bm +Gm) ≤ αBref ≤ 0, and
iii) 0 < (α+ 1), and
iv) 0 < (Bm +Gm).
The proof follows from Proposition 1 by substitutingBf = 0.

Corollary 1 necessities Bref and α have opposite signs.
Feasibility of Passive Realization vs Passivity for Voigt Model

Rendering with SEA: If we consider Gm and Gt to be non-
negative, then symbolic substitutions and numerical evaluations
indicate that the non-negativeness of c2v imposes Condition (i)
of Corollary 1. Moreover, if we substitute the non-negativeness
condition of c2v into b3v and c3v , we observe that Bref should
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be negative for non-negativeness of b3v and c3v . Hence, the
feasibility of the realization in Table I(e) provides sufficient
conditions for the passivity of the system. Accordingly, if we
consider that the controller gains are positive, then the realization
in Table I(e) is valid as long asBref is negative, and Condition (i)
of Corollary 1 are satisfied with non-negative b3v and c3v values.

The Voigt model rendering realization for SEA presented
in Table I(e) is valid only for the negative values of Bref , as
positive values of Bref do not result in passive Voigt model
rendering for SEA under VSIC with P-P controllers. The real-
ization in Table I(e) can be recovered from the SDEA realization
in Table I(a), when Bf is set to zero. On the other hand, the
realizations in Table I(b) and (e) have distinct topology as they
cover non-overlapping system parameters.

Remark (2): If Bref is set to zero, (1) reduces to spring
rendering with SDEA under VSIC as in (9). Similarly, if Bref

andKref are set to zero, (1) reduces to null impedance rendering
with SDEA under VSIC. Hence, the necessary and sufficient
conditions for spring and null impedance rendering can be
derived from Proposition 1; the proofs follow by substitut-
ing Bref = 0 and Bref = Kref = 0.

Feasibility of Passive Realization vs Passivity for Spring Ren-
dering with SDEA: The feasibility conditions for the realization
in Table I(c) provide sufficient conditions for the passivity of (9).
This can be shown by first considering a sufficient condition for
the passivity that is ensured by imposing a non-negative value
to the intermediate coefficient of the test polynomial as follows

Jm ≤ (Bm +Gm) (Bm +Gm +Bf (α+ 1))

αKref
(17)

Note that replacing the condition provided in Condition (v)
of Proposition 1 when Bref = 0 with the non-negativeness of
the intermediate coefficient of the test polynomial provides a
(more conservative) sufficient condition for the passivity. This
condition still needs to be considered together with the other
necessary conditions of the non-negativeness of the highest
and lowest coefficients of the test polynomial. Equations (10)
and (17) can be arranged together as

Jm ≤ (Bm + Gm)Bf

K

≤ (Bm +Gm) (Bm +Gm +Bf (α+ 1))

αKref
(18)

Given Condition (i) of Proposition 1 when Bref = 0 as neces-
sitated by the feasibility of the realization in Table I(c) an(d) the
passivity of (9), this inequality is always satisfied. Therefore,
(10) is a more conservative sufficient condition than the one
provided in (17) and when (10) is satisfied, Condition (v) of
Proposition 1 when Bref = 0 is guaranteed to hold. Accord-
ingly, the realization in Table I(c) is feasible and valid, and
the sufficient conditions for the passivity of (9) are satisfied if
(Bm +Gm), (α+ 1), and α

α+1 Kref are positive, and (10) is
satisfied. If Condition (v) of Proposition 1 when Bref = 0 is
replaced with (10), then the necessary and sufficient conditions
for the passivity of (9) can be recovered.

Feasibility of Passive Realization vs Passivity for Null
Impedance Rendering with SDEA: The conditions for the fea-
sibility of the realization in Table I(d) are equivalent to the
necessary and sufficient conditions for the passivity of null
impedance rendering: if (Bm +Gm) > 0 and (α+ 1) > 0, then
null impedance rendering is passive and all components in
Table I(d) are non-negative. Accordingly, the realization is valid
as long as the system is passive.

Remark (3): If Bf and Bref are set to zero, (1) reduces to
spring rendering with SEA under VSIC as in (13). Similarly,
if Bf , Bref , and Kref are set to zero, (1) reduces to null
impedance rendering with SEA under VSIC. Hence, the nec-
essary and sufficient conditions for spring and null impedance
rendering can be derived from Proposition 1. The proof follows
from Proposition 1 after substituting Bf = Bref = 0 and Bf =
Bref = Kref = 0.

Feasibility of Passive Realization vs Passivity for Spring Ren-
dering with SEA: The conditions for the feasibility of the real-
ization in Table I(f) are equivalent to the necessary and sufficient
conditions for the passivity of (13): ifK ≥ α

α+1 Kref is satisfied
and (Bm +Gm), (α+ 1), and α

α+1 Kref are positive, then (13)
is passive and all components in Table I(f) are non-negative.
Accordingly, the realization is valid as long as the system is
passive.

Feasibility of passive realization vs passivity analysis for null
impedance rendering with SEA can be achieved by substituting
Kref = 0 as presented in [50].

VI. PERFORMANCE COMPARISONS VIA REALIZATIONS

This section provides a rigorously symbolic comparison of
different plant dynamics on system performance through passive
physical equivalents with continuity. In particular, we demon-
strate how passive mechanical equivalents enable fair compar-
isons of SEA and SDEA plant dynamics on the haptic rendering
performance. Unlike the case in numerical studies [51], compar-
isons of closed-loop system dynamics through passive physical
equivalents are informative in that their conclusions can be
generalized, allowing the designer to make informed decisions
among various plants/controllers.

The main difference between SDEA and SEA plants while
rendering Voigt model is that SEA can only compensate for
the damping of the system via negative reference damping Bref

selections as in Table I(e), while SDEA can assume both negative
and positive Bref values, as in Tables I(a) and (b) to render
damping levels that are lower and higher than the damping of
the system.

For a direct comparison during Voigt model rendering, nega-
tive Bref values are considered such that both realizations are
feasible for overlapping parameter ranges. Tables I(a) and (e)
present passive mechanical realizations of SDEA and SEA
plants, respectively, while rendering Voigt models. At low fre-
quencies, the effective stiffness of both realizations approaches
the desired output impedance of α

α+1Kref , where Kref is the
reference virtual stiffness and α = GmGt, respectively. Simi-
larly, the damping of SDEA in Table I(a) converges to c1va+Bf ,
while the damping of SEA in Table I(e) converges to c2v ,
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Fig. 2. (a) Spring rendering performance of SEA and SDEA when the controller gains are identical. (b) Kvir-Bvir plot of SEA during Voigt model rendering
under VSIC. (c) Kvir-Bvir plot of SDEA during Voigt model rendering under VSIC.

TABLE II
S(D)EA PLANT PARAMETERS USED FOR THE SIMULATIONS

where the parameters in the passive physical realizations are as
detailed in Section IV. A closer inspection of the damping values
reveals that c1va+Bf and c2v are equal to each other, and both
c1va and c2v are modifiable through different values of Bref .
Both realizations include frequency-dependent dissipation that
increases with the frequency. At high frequencies, SDEA and
SEA converge to the characteristic of their respective compliant
elements.

Tables I(c) and (f) present passive mechanical realizations
of SDEA and SEA plants, respectively, while rendering linear
springs. At low frequencies, the effective stiffness of both real-
izations approaches the desired output impedance of α

α+1Kref .
The parasitic terms are more strongly coupled to the desired
spring in SDEA, as Bf acts in parallel to the coupling spring
K − α

α+1Kref . Furthermore, the parasitic inertia term Jm

α+1 of
SDEA in Table I(c) is always greater than the parasitic inertia
term σJm of SEA in Table I(f). Finally, the parasitic damping of
SDEA includes an extra frequency-dependent dissipation that
increases with the frequency.

Tables I(d) and (g) present passive mechanical realizations of
SDEA and SEA plants, respectively, while rendering the null
impedance. The parasitic terms are more strongly coupled in
SDEA, as Bf acts in parallel to the coupling spring K, while
there exists no difference between the parasitic terms.

Table II presents the physical parameters of the S(D)EA plant
used in numerical simulations to evaluate the system perfor-
mance. The proportional controller gains are set as Gm = 10 N-
m s/rad and Gt = 5 rad/(s N-m), respectively.

Fig. 2(a) presents a comparison of the linear spring ren-
dering performance of SEA and SDEA when the controller
gains are selected to be the same. Fig. 2(a) indicates that the
performance of SEA and SDEA are close to each other in the
low-frequency range, while the transition from spring rendering
to high-frequency dynamics differs significantly.

For Voigt model rendering, the realizations in Table I(b)
and (e) for SEA and SDEA under VSIC have distinct topologies,
as they are valid for non-overlapping parameter ranges. The
Kvir-Bvir plot for SEA is depicted in Fig. 2(b), where Kvir =
α

α+1 Kref and Bvir = c2v , respectively. Fig. 2(b) indicates that
the selection of higher Bvir values allows for passive rendering
of lower Kvir levels.

TheKvir-Bvir plot of SDEA under VSIC during Voigt model
rendering is presented in the Fig. 2(c), for the case when the
system parameters are such that Condition (v) of Proposition 1
is more conservative, as is the case for the experimental setup
in Section VIII. In this case, Kvir = α

α+1 Kref and Bvir =
α

α+1Bref , respectively.
Alternatively, if the system parameters are such that Condi-

tion (i) of Proposition 1 is the more conservative, then Kvir

increases with higher Bvir, as presented in the Supplementary
Document [50]. Further numerical analyses of the effects of
the plant parameters and the controller gains on the rendering
performance are presented in the Supplementary Document [50]
through a comprehensive set of Bode plots.

VII. CO-DESIGN VIA PASSIVE PHYSICAL EQUIVALENTS

The physical plant parameters are crucial as they determine
the limits of haptic rendering performance under passivity con-
straints [6], [7], [27]. When the causal controllers roll-off, the
dynamics of the uncontrolled plant are recovered for all closed-
loop systems. Accordingly, when the controller gains are set to
zero in the realizations, SEA acts as a physical spring K, while
an SDEA acts as a physical spring-damper K-Bf pair at high
frequencies, as seen from the interaction port.

Given passive physical equivalents do not distinguish between
the plant parameters and the controller gains, they promote
co-design thinking by enforcing simultaneous and unbiased
consideration of controller and plant dynamics on the closed-
loop system performance [27], [52]. For instance, in terms of
rendering fidelity, the passive physical equivalents of SEA and
SDEA under VSIC while rendering Voigt, linear spring, and null
impedance models indicate that the selection of higher controller
gains has the same effects as employing a plant with lower inertia
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Fig. 3. The S(D)EA brake pedal.

and damping, as the controllers can compensate for the plant
dynamics up to their control bandwidth. However, lower inertia
and damping parameters of the plant necessitate lower controller
gains to ensure passivity.

Since plant damping is commonly considered a parasitic
effect, passive Voigt model rendering with SEA has gone unno-
ticed in the literature until this study, where passive realizations
are considered for analysis. A close inspection of the passive
physical equivalent of SEA during Voigt model rendering pre-
sented in Table I(e) indicates that higher virtual damping Bvir

levels can be passively rendered if c2v can be set high. The
upper bound of c2v is imposed by Bm+Gm

(α+1) , as Bref needs to be
negative for the passivity. Hence, if the upper bound on passive
damping rendering is to be increased, then one can employ a
plant with higher Bm.

This motivates the intentional addition of (electrical) damping
to the system to augment the motor damping; a method com-
monly employed for sampled-data passivity of impedance-type
haptic interfaces [53]. Utilizing a plant with higher Bm not
only enables the passive rendering of higher virtual damping
but also relaxes the bounds on the virtual stiffness, enlarging the
Kvir-Bvir plot, as depicted in Fig. 2(b). Furthermore, since the
rendered damping becomes more coupled to the interaction port
as the stiffness of the filter gets higher, one can increase K to
improve the damping rendering performance.

VIII. EXPERIMENTAL VALIDATIONS OF COUPLED STABILITY

AND RENDERING PERFORMANCE

In this section, we experimentally validate the theoretical pas-
sivity bounds and the haptic rendering performance of S(D)EA
using a customized version of the SEA brake pedal presented
in [54].

Fig. 3 presents S(D)EA brake pedal which is actuated by a
brushless DC motor equipped with a Hall-effect sensor and an
optical encoder. The torque output of the motor is amplified
with a 1:39.5 transmission ratio. The series elastic element is
implemented through a compliant cross-flexure joint embedded
into the capstan pulley. The stiffness of the compliant joint is
adjustable by changing its leaf spring elements. The deflections
of the cross-flexure joint are measured with a linear encoder to
estimate the interaction torques.

To implement an SDEA brake pedal, linear eddy current
damping is added in parallel to the compliant element of the
SEA brake pedal. In particular, permanent magnets arranged as a
Halbach array are placed to face an aluminum plate to implement
an eddy-current damper. When the magnets are removed, the
SDEA pedal simplifies to an SEA.

All controllers are implemented in real-time at 1 kHz utilizing
an industrial PC connected to an EtherCAT bus. A video of the
setup is available in the Multimedia Extension.

A. Identification of Plant Parameters

We have used two different stiffness configurations to conduct
the SEA and SDEA experiments. The stiffness is kept low
for SDEA by using two leaf spring elements, such that the
spring-damper ratio of SDEA can be kept at a reasonable level
without introducing excessive moving mass to the system due
to magnets of the eddy-current damper. On the other hand, the
stiffness is kept high for SEA by using four leaf spring elements
such that the effect of device stiffness can also be studied
through the experiments. The stiffness of the cross-flexure joint
and the eddy-current damping are experimentally determined
as KSDEA = 121.8 N-m/rad and Bf = 0.0127 N-m s/rad for
SDEA, while the stiffness of the cross-flexure joint used for
the SEA experiments is experimentally identified as KSEA =
252 N-m/rad.

Closed-loop system identification is utilized to determine the
system parameters related to the motor and the power transmis-
sion. The closed-loop identification enables accurate prediction
of the plant parameters using LTI techniques since the robust
motion controller effectively compensates for the hard-to-model
nonlinear effects in the power transmission. To determine the
reflected inertia and damping of the plant, the system identi-
fication is performed under the inner velocity controller with
Gm = 0.0576 N-m s/rad. A first-order transfer function is
fitted to the data to determine the plant parameters as Jm =
0.0024 kg-m2 and Bm = 0.0177 N-m s/rad with R2 = 0.88.

For simplicity of presentation, the theoretical passivity bounds
have been derived under the non-limiting assumption that the
power transmission of the system has a unity reduction ratio.
Equivalent plant parameters and controller gains can be estab-
lished for systems with a reduction ratio of n by introducing
the following mappings: Jmeq

= n2 Jm, Bmeq
= n2 Bm, and

Gmeq
= n2 Gm, and Gteq = 1/n Gt.

Unless otherwise stated, the controller gains of VSIC are set
to Gm = 0.0576 N-m s/rad for S(D)EA and Gt = 30 and
15 rad/(s N-m) for SDEA and SEA, respectively. Gt gain of
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Fig. 4. Passivity bounds vs experimental coupled stability of SDEA and SEA during Voigt model and spring rendering

SDEA can be set twice as high as that of SEA, as its compliant
element has half the stiffness [5].

B. Verifications of Passivity Bounds

It has been established in the literature that the passivity of a
system can be investigated by studying the coupled stability of
interactions when the system is exposed to the most destabilizing
environments [55]. In particular, passivity can be concluded if
and only if there exists no set of ideal springs or inertias that
destabilize the system under excitations that span the whole
frequency spectrum [20]. For SEA, inertial environments are
among the most destabilizing [56].

The coupled stability of the system while interacting with
an environment Yenv(s) can be evaluated by studying the char-
acteristic polynomial of 1 + Zout(s)Yenv(s). To determine the
critical inertia levels for the most destabilizing environments,
one can let Yenv(s)=

1
Jenv s be an inertial environment and

numerically solve for the Routh-Hurwitz criterion to compute
the inertia Jenv levels that lead to instability. For rendering stiff
springs that exceed the passivity limit, we have numerically
determined that inertia levels less than 0.27 kg-m2 result in
coupled instability for the SDEA brake pedal, while SEA pedal
is unstable for all inertial environments in this case.

To validate the theoretical passivity bounds established in
this paper, four distinct masses are coupled to the end-effector
of the S(D)EA brake pedal, such that the end-effector inertia
ranges from its minimum level of 0.026 kg-m2 to a maximum
level of 0.2 kg-m2. Impacts are imposed to the end-effector
to excite the system at all possible frequencies. A line search

is conducted along the y-axis, starting from 25% below the
theoretical boundary and increasing the Kref parameter with
a resolution of 0.5 N-m/rad. For each trial parameter set, if no
violation of the coupled stability is observed after five trials
at each end-effector inertia level, then it is concluded that the
experimental evidence indicates the passivity of the system for
the trial parameter set. Otherwise, if any violations of coupled
stability (e.g., chatter) is observed, then the parameter set is
active. A video of the coupled stability experiments is provided
in the Multimedia Extension.

Voigt Model Rendering with SDEA: In this experiment, we
have investigated the coupled stability of SDEA under VSIC
during Voigt model rendering when the controllers are P. To
validate with the necessary and sufficient conditions provided
in Proposition 1, we have tested various Kref and Bref values.

Fig. 4(a) depicts the Kvir–Bref plot obtained from the exper-
iments conducted on the brake pedal with SDEA under VSIC
during Voigt rendering, where Kvir = α

α+1Kref . The magenta
and blue lines in the figure represent the theoretical passivity
bound according to Conditions (i) and (v) of Proposition 1,
respectively. The symbols “*” and “o” indicate the experi-
ments where coupled stability was preserved and compromised,
respectively. In Fig. 4(a), Condition (v) of Proposition 1 is
more conservative than Condition (i) of Proposition 1. The
experimental results confirm the analytically predicted passivity
boundaries. The experimental values are in good agreement with
the theoretical values, with an error of approximately 8%. The
experimental results may be slightly more conservative due to
unmodelled friction and hysteresis effects, which cause extra
dissipation.
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Voigt Model Rendering with SEA: In this experiment, we
have investigated the coupled stability of SEA under VSIC
during Voigt model rendering when the controllers are P. To
validate with the necessary and sufficient conditions provided
in Corollary 1, we have tested various Kref and Bref values
when Gt = 15 rad/(s N-m).

Fig. 4(b) depicts the Kvir–Bref plot obtained from the ex-
periments conducted on the brake pedal with SEA under VSIC
during Voigt model rendering. In the figure, the theoretical
passivity bound according to Condition (i) of Corollary 1 is
depicted as the magenta line. The experimental results validate
the analytically predicted passivity boundary and the theoretical
bound is determined to be 7% more conservative.

Spring Rendering with SDEA: In these experiments, we have
studied the coupled stability of SDEA under VSIC during spring
rendering when both controllers are P. We have selected one
passive and one active Kref values for eight distinct Gt gains
according to the conditions given in Conditions (i) and (v) of
Proposition 1 when Bref = 0.

Fig. 4(c) presents the experimental Kvir–Gt plot for the
SDEA brake pedal. In the figure, the theoretical passivity bound
according to Condition (i) of Proposition 1 when Bref = 0 is
depicted as the magenta line and equal to physical stiffness of the
SDEA, while the bound according to Condition (v) of Propo-
sition 1 when Bref = 0 is depicted as the blue line. Fig. 4(c)
shows that the two conditions are very close to each other for
the parameters of the SDEA brake pedal. The experimental
results validate the analytically predicted passivity boundary
and the theoretical bound is determined to be about 6.5% more
conservative.

Spring Rendering with SEA: In these experiments, we have
studied the coupled stability of SEA under VSIC during spring
rendering when both controllers are P. We have selected one
passive and one active Kref values for seven distinct Gt gains
according to the necessary and sufficient condition given in
Condition (i) of Corollary 1 when Bref = 0.

Fig. 4(d) presents the experimental Kvir–Gt plot for the SEA
brake pedal. In the figure, the theoretical passivity boundary is
depicted as the magenta line and equal to the physical stiffness of
the SEA according to Condition (i) of Corollary 1 when Bref =
0. The experimental results validate the analytically predicted
passivity boundary and the theoretical bound is determined to
be about 7% more conservative.

C. Evaluations of Haptic Rendering Fidelity

In this subsection, we have experimentally evaluated the
performance of S(D)EA under VSIC during rendering Voigt,
spring, and null impedance models to verify the theoretical
predictions detailed in Section IV. Throughout these experi-
ments, the end-effector of the brake pedal was excited by an
ideal velocity source imposing sine waves ranging from 0.6 to
20 rad/s, while the brake pedal is rendering Voigt, spring, and
null impedance models. Since the haptic rendering performance
of SDEA under VSIC is very similar to that of SEA for the
experimental setup, only the results for SEA are provided for
the brevity of the presentation.

Null Impedance Rendering with SEA: The performance of
SEA under VSIC during null impedance rendering is important,
as this control mode provides active backdrivability to allow
users to move the system without much resistance.

Fig. 5(a) presents box plots depicting null impedance render-
ing performance of SEA under VSIC for three distinct torque
controller gains Gt. The experiment was repeated five times
for each gain. As the torque controller gain Gt was increased
from 5 rad/(s N-m) to 15 rad/(s N-m), the mean of torque
required to move the pedal decreased from 0.9% to 0.57%
of 40 N-m torque output capacity of the pedal. This level of
active backdrivability is excellent for the SEA brake pedal, as
evidenced by a commonly employed chip test (please refer to
the Multimedia Extension), where a potato chip is used to move
the device without getting broken.

The experimental results validate the findings of passive phys-
ical equivalents, demonstrating that the damping term Bm+Gm

α+1
(as depicted in Table I(g)) diminishes with increasing Gt, re-
sulting in reduced parasitic effects and improved rendering
performance. The experimental results in Fig. 5(a) are also in
good agreement with the analysis presented in [50], where the
positive effect of increasing the torque controller gain Gt on the
null impedance rendering performance has been shown.

Spring Rendering with SEA: Fig. 5(b) presents box plots de-
picting the spring rendering performance of SEA under VSIC for
three distinct torque controller gains Gt. In this experiment, the
end-effector of the brake pedal was excited by the user while the
brake pedal was rendering a spring with Kref = 100 N-m/rad.
The experiment was repeated five times for each gain. As the
torque controller gain Gt was increased from 5 rad/(s N-m)
to 15 rad/(s N-m), the average normalized RMS errors be-
tween measured and estimated interaction forces were com-
puted as 9.1%, 5.1%, and 3.0%, respectively. The experiment
was also repeated five times when Kref = 50 N-m/rad with
Gt = 5 rad/(s N-m), 10 rad/(s N-m), and 15 rad/(s N-m), and
the average normalized RMS errors (not plotted due to space
constraints) were found as 9.5%, 7.6%, and 5.6%, respectively.
The results indicate that normalized RMS errors decrease with
higher Gt and Kref , as predicted in Section IV.

Fig. 5(d) presents experimentally determined magnitude Bode
plots characterizing the spring rendering performance of SEA
when Kref = 40 N-m/rad for Gt = 5, 10, and 15 rad/(s N-m),
where the shaded regions depict 90% confidence intervals. In this
experiment, closed-loop system identification was performed
when the end-effector of the brake pedal was excited by the ideal
velocity source. The average errors between the experimental
data and theoretical predictions were computed as 9.6%, 8.0%,
and 5.7%, when Gt = 5 rad/(s N-m) and 10 rad/(s N-m), and
15 rad/(s N-m), respectively, indicating high-fidelity spring ren-
dering as predicted by theoretical results. Fig. 5(d) indicates that
the performance bandwidth for the virtual stiffness rendering is
higher for Gt = 15 rad/(s N-m) compared to 10 rad/(s N-m) and
5 rad/(s N-m) cases, as predicted in Section IV.

Overall, the experimental results validate our theoretical find-
ings, demonstrating that the damping term σ(Bm +Gm) (as
depicted in Table I(f)) diminishes with increasingGt, resulting in
reduced parasitic effects and enhanced rendering performance.
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Fig. 5. Box plots characterizing the (a) null impedance rendering performance of SEA, (b) force tracking performance of SEA during virtual spring rendering
with Kref = 100 N-m/rad, and (c) force tracking performance of SEA during Voigt model rendering with Kref = 100 N-m/rad, Bref = -0.2 N-m s/rad, for Gt =
5, 10, and 15 rad/(s N-m). Experimentally determined (d) virtual stiffness rendering performance vs theoretical predictions (as in (13)) for Kref = 40 N-m/rad,
(e) Voigt model rendering performance vs theoretical predictions (as in (8)) for Kref = 40 N-m/rad, Bref = -0.2 N-m s/rad, for Gt = 5, 10, and 15 rad/(s N-m).
(f) Performance comparison of Voigt model and spring rendering under identical controller gains.

These results also show that rendering performance increases as
Kref approached K, as discussed in Section IV-B2. These ex-
perimental results are also in good agreement with the numerical
analysis in [50], where the positive effects of increasing Gt and
Kref on the spring rendering performance have been shown.

Voigt Model Rendering with SEA: Fig. 5(c) presents box
plots depicting the Voigt model rendering performance of SEA
under VSIC for three distinct torque controller gains Gt. In this
experiment, the end-effector of the brake pedal was excited by
the user source while the brake pedal was rendering a Voigt
model with Kref = 100 N-m/rad and Bref = -0.2 N-m s/rad.
The experiment was repeated five times for each gain. As the
torque controller gain Gt was increased from 5 rad/(s N-m) to
15 rad/(s N-m), the average normalized RMS errors between
measured and estimated interaction forces were computed as
7.2%, 4.5%, and 2.7%, respectively. The experiment was also
repeated five times when Bref = -0.1 N-m s/rad with Gt =
5 rad/(s N-m), 10 rad/(s N-m), and 15 rad/(s N-m), and the aver-
age normalized RMS errors (not plotted due to space constraints)
were found as 8.8%, 4.8%, and 2.9%, respectively. The results
indicate that normalized RMS errors decrease with higher Gt

and |Bref |, as predicted in Section IV.
Fig. 5(e) presents experimentally determined magnitude Bode

plots characterizing the Voigt model rendering performance of
SEA when Kref = 40 N-m/rad and Bref = −0.2 N-m s/rad
for Gt = 5, 10, and 15 rad/(s N-m), where the shaded regions
depict 90% confidence intervals. The average errors between the

experimental data and theoretical predictions in these Bode plots
were computed as 9.0%, 7.6%, and 5.3%, when Gt = 5 rad/(s
N-m) and 10 rad/(s N-m), and 15 rad/(s N-m), respectively, in-
dicating high-fidelity Voigt rendering as predicted by theoretical
results. Fig. 5(e) indicates that the performance bandwidth for
the virtual stiffness rendering is higher for Gt = 15 rad/(s N-m)
compared to Gt = 10 rad/(s N-m) and 5 rad/(s N-m) cases, as
predicted in Section IV.

Finally, Fig. 5(f) presents a comparison of experimentally de-
termined magnitude Bode plots for spring (Kref = 40 N-m/rad)
versus Voigt model (Kref = 40 N-m/rad and Bref = -0.2 N-m
s/rad) rendering with SEA under identical controller gains, when
Gt = 15 rad/(s N-m). As discussed in Section IV, during Voigt
model rendering, the damping of the system is compensated
thanks to the presence of negative Bref values. The compen-
sation results in lower closed-loop damping at low frequencies
for Voigt model rendering (c2v) compared to spring rendering
(σ(Bm +Gm)) case, leading to better spring rendering perfor-
mance at low frequencies. Similarly, the normalized RMS errors
in force tracking tests show that a higher selection of |Bref |
increases the rendering performance.

Overall, the experimental results validate our theoretical find-
ings, demonstrating that the damping term (c2v as depicted in
Table I(e)) diminishes with increasing Gt and |Bref |, resulting
in lower Bvir in the system and enhanced virtual stiffness
rendering performance. These experimental results are also in
good agreement with the numerical analysis in [50], where the
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positive effects of increasing Gt and |Bref | on the Voigt model
rendering performance have been shown.

IX. CONCLUSIONS AND DISCUSSION

We have derived minimal passive mechanical equivalents
for S(D)EA systems under VSIC to provide intuition into
their closed-loop dynamics. The passive mechanical equivalents
make the control authority and parasitic dynamics of the system
explicit and enable the rigorous study of system parameters
and controller gains on the rendering performance. The pas-
sive mechanical equivalents provide a concrete understanding
of the limitations of rendering performance (e.g., the stiffness
of the physical stiffness provides an upper bound on virtual
spring rendering under VSIC). These results significantly ex-
tend the interaction control analyses in [7], [27] to S(D)EA
and provide insights into the robust stability-transparency
trade-off.

We have also demonstrated that passive mechanical equiva-
lents enable fair comparisons among different plants (e.g., SEA
vs SDEA) on the haptic rendering performance. Unlike the
case in numerical studies, comparisons of closed-loop system
dynamics through passive physical equivalents are informative
in that these conclusions can be generalized. These comparisons
highlight the impact of different plant and controller terms on
the closed-loop rendering performance. Furthermore, since there
exists continuity among realizations, the effect of each controller
term on plant dynamics can be rigorously studied. Moreover,
these comparisons are symbolic in nature and do not require
performance optimization of each closed-loop system to ensure
fairness, as emphasized in [51].

We have also emphasized that passive mechanical equivalents
provide an intuitive understanding of effective impedance analy-
sis. For instance, realizations show how a frequency-dependent
damping effect in the effective impedance analysis can be re-
alized with a serial connection of an inerter with a damper, as
in [47].

We have advocated that passive physical equivalents promote
co-design by enabling concurrent consideration of plant param-
eters and controller gains on the haptic rendering performance.
The realization of Voigt model rendering with SEA is provided as
an illustrative example that demonstrates how the plant damping
can be augmented and negative controller gains can be em-
ployed to achieve a larger range of passively renderable virtual
environments.

In addition to the passive physical equivalents, we have
also presented the passivity analysis of SEA and SDEA under
VSIC while rendering Voigt models, linear springs, and the null
impedance, and provided the necessary and sufficient conditions
for the passivity of these systems. Our results significantly
extend the results on S(D)EA passivity in the literature [20],
[25], [26], by providing the necessary conditions and allowing
the controller gains to be negative, and enabling passive Voigt
model rendering with SEA under VSIC.

It is important to note that, in general, passive physical
realizations for a given impedance transfer function are not

unique. While the feasibility conditions for a passive physical
realization provide sufficient conditions for passivity as shown in
Section IV, the necessity cannot be easily established through
such analysis, as it requires studying the feasibility of all mini-
mal passive physical realizations.

Fig. 6(a) and (b) depict alternative passive mechanical equiv-
alents for the impedance in (9) for SDEA under VSIC during
spring rendering when both controllers are proportional. Here,
Fig. 6(a) and (b) complement each other to provide the same
sufficient conditions as presented for Table I(h). While Bott-
Duffin theorem [32] establishes that ideal transformers (levers)
can be avoided in non-minimal physical realizations, we present
Fig. 6(a) and (b) as a set of alternative minimal realizations,
since we prioritize minimality of the realizations, the feasibility
conditions of these two realizations complement each other to
recover the necessary and sufficient conditions for the passivity
of (9), and the use of a lever to change direction provides an
understanding on how negative values of fundamental elements
(e.g., k1n and c4n) can be avoided.

Realizations become more complicated as controllers become
more involved, making their interpretation harder. For instance,
Fig. 6(c) and (d) present passive physical realizations for SEA
and SDEA under VSIC during null impedance rendering when
both controllers are PI. As the realizations become more com-
plicated, the feasibility conditions for the realizations are likely
to cover a smaller range of passive system parameters; hence,
conclusions drawn from such realizations become valid for a
very limited range. Accordingly, it is preferable to utilize the
simplest models competent to represent the essential dynamic
behavior, as recommended in [27].

S(D)EA paradigm can be viewed as a generalized model of
admittance control that includes sensor dynamics, as long as the
first resonance mode of the plant is at least an order of magnitude
faster than the dynamics induced by the compliance of the force
sensor. Given this condition is satisfied for most admittance-type
devices, our results naturally extend to haptic rendering with
admittance-type haptic interfaces.

Since the S(D)EA paradigm can efficiently render large forces
with high fidelity for low-frequency tasks, it has been commonly
adapted to provide force feedback in pHRI systems, such as
exoskeletons, rehabilitation robots, and human-machine inter-
faces. Furthermore, systems with S(D)EA can be implemented
at about an order of magnitude lower cost compared to force
sensor-based admittance-type devices, making them an attrac-
tive choice for cost-sensitive applications.

While virtual constraints can be successfully imposed through
the high force output capability of systems with S(D)EA, the
perceived realism during haptic rendering may be low, since the
physical filter of the system low-pass filters high-frequency force
components that are crucial for realistic rendering. Accordingly,
it may be useful to use a micro-macro actuation approach [57] to
achieve haptic feedback with high perceived realism, where the
S(D)EA acts as the macro-actuator with low bandwidth but high
force capability, while a micro-actuator with high bandwidth
but low force capacity augments it for rendering high-frequency
force components.
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Fig. 6. (a)–(b) Alternative passive mechanical equivalents of SDEA under VSIC during spring rendering when controllers are P. (c)–(d) Realization of S(D)EA
under VSIC during null impedance rendering when controllers are PI.

APPENDIX A

Proof: First, note that asymptotic stability of the inner loop
imposes (Bm +Gm) > 0. Next, according to Theorem 1;

1) Z(s) has no poles in the right half plane: Invoking
Lemma 2 imposes (α+ 1) (Bm +Gm +Bf (α+ 1)) ≥
0. Accordingly, ZSDEAP -P

V oigt (s) has no roots in the open
right half plane, if (α+ 1) and Bm +Gm +Bf (α+ 1)
are non-negative.

2) Any poles of Z(s) on the imaginary axis are simple with
positive and real residues: If (α+ 1) is positive, then only
possible root on the imaginary axis is s = 0 as long as
physical parameters are positive and inner motion loop is
asymptotically stable. For the pole at s = 0, the residue
equals to α

(α+1) Kref which should be positive. If (α+

1) = 0, then the output impedance transfer function has
double roots and Condition 3 of Theorem 1 is violated
due to double poles at s = 0. Hence, when (α+ 1) = 0,
passive Voigt models cannot be rendered.

3) Re[Z(jw)] ≥ 0 for all w: The sign of
Re[ZSDEAP -P

voigt (jw)] can be checked by the sign of
the test polynomial H(jw) = d6w

6 + d4w
4 + d2w

2

from Lemma 1, where

d2 = K2 (α+ 1) (Bm +Gm +Bref α)

− (Bm +Gm)KKref α (19)

d4 = Bf (Bm +Gm +Bref α) [Bm +Gm +Bf (α+ 1)]

− (Bref K +Bf Kref ) Jm α (20)

d6 = Bf Jm
2 (21)

Applying Lemma 3, and noting that d6 is positive, since
Bf is positive, the following constraint is imposed by the
non-negativeness of d2:

K ≥ Kref
α

(α+ 1)

Bm +Gm

Bm +Gm +Bref α
(22)

The last necessary and sufficient condition reads as:

− 2Jm

√
Bf K [(Bm +Gm +Bref α)K (α+ 1)
−(Bm +Gm)Kref α]

≤ Bf (Bm +Gm +Bref α) [Bm +Gm +Bf (α+ 1)]

− (Bref K +Bf Kref ) Jm α (23)

�
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